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h
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b
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p
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.
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p
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p
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d
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p
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d
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d
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it
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d
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p
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p
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h
ar

n
åg

ot
d
u
be

h
öv

er
fr
åg

a
om

.
M
en

to
re
rn
a
h
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d
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p
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ra
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/
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h
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få

en
br
a
gr
u
n
d
at
ts
tå

p
å
in
fö
r
si
n
a
h
ög

sk
ol
es
tu
d
ie
r.
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at
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d
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p
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p
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d
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ra
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p
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ra
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ra
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p
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h
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n
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n
t
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le
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ru
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p
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at
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p
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er
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ll
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d
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p
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d
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e
sl
u
m
p
m
äs
si
gt

ge
n
er
er
ad

e
fr
åg

or
so
m

rä
tt
as

au
to
m
at
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p
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p
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d
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u
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e
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at
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at
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gs
-

u
p
p
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u
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d
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p
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h
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u
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p
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d
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u
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p
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p
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u
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p
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p
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p
p
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p
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p
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p
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d
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■
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it
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er
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h
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te
se
r
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at
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■
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ra
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d
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:

E
ft
er
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at
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h
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n
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p
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en
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il
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ra
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ra
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■
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n
d
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d
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p
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at
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at
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at
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te

be
ro
en

d
e
av

iv
il
ke

n
or
d
n
in
g
te
rm

er
n
a
ad

d
e-

ra
s

3
+

4
+
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=
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+

5
+
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=
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+
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=
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N
är
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ra
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er
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n
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ig
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=
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an
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−
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=
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ra
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se
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m
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m
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d
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m
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it
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b
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u
lt
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iv
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n
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+
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=
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−
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=
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te
rm

d
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en
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=
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=
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d
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d
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m
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d
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=
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+
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=

3
−

2
·5
−

5
=
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−
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−
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−
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−
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+
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=
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=
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=
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=
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1)
(x

+
1)

x
(x
−

1)
(x

+
1)

=
x
3
−

x
2

x
(x
−

1)
(x

+
1)
−

x
+

1
x
(x
−

1)
(x

+
1)
−

x
3
−

x

x
(x
−

1)
(x

+
1)

=
x
3
−

x
2
−

(x
+

1)
−

(x
3
−

x
)

x
(x
−

1)
(x

+
1)

=
x
3
−

x
2
−

x
−

1
−

x
3
+

x

x
(x
−

1)
(x

+
1)

=
−x

2
−

1
x
(x
−

1)
(x

+
1)

.
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h
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E
ft
er
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rk
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ts
ät
te
r
at
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n
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u
tt
ry
ck
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kt
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fö
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a
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h
ål
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u
tt
ry
ck
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.e
x.

n
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n
ar
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or
is
er
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e
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h
in
te
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kl
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n
åg

ot
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m
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ar
e
be
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öv

er
fa
kt
or
is
er
a.



47

E
xe

m
p
el

11

a)
1

x
−

2
−

4
x
2
−

4
=

1
x
−

2
−

4
(x

+
2)

(x
−

2)
=

{ M
G
N

=
(x

+
2)

(x
−

2)
}

=
x

+
2

(x
+

2)
(x
−

2)
−

4
(x

+
2)

(x
−

2)

=
x

+
2
−

4
(x

+
2)

(x
−

2)
=

x
−

2
(x

+
2)

(x
−

2)
=

1
x

+
2

b)
x

+
1 x

x
2
+

1
=

x
2 x

+
1 x

x
2
+

1
=

x
2
+

1
x

x
2
+

1
=

x
2
+

1
x
(x

2
+

1)
=

1 x

c)

1 x
2
−

1 y
2

x
+

y
=

y
2

x
2 y

2
−

x
2

x
2
y
2

x
+

y
=

y
2
−

x
2

x
2 y

2

x
+

y
=

y
2
−

x
2

x
2 y

2 (
x

+
y
)

=
(y

+
x
)(
y
−

x
)

x
2 y

2 (
x

+
y
)

=
y
−

x

x
2 y

2

R
åd

fö
r
in
lä
sn

in
g

G
ru

n
d
-o

ch
sl
u
tp
ro
v

E
ft
er

at
td

u
h
ar

lä
st
te
xt
en

oc
h
ar
be

ta
tm

ed
öv

n
in
ga

rn
a
sk
a
d
u
gö

ra
gr
u
n
d
-
oc
h

sl
u
tp
ro
ve

tf
ör

at
tb

li
go

d
kä

n
d
p
å
d
et
ta

av
sn

it
t.
D
u
h
it
ta
r
lä
n
ke

n
ti
ll
p
ro
ve

n
id

in
st
u
d
en

t
lo
u
n
ge

.

T
än

k
p
å
at
t:

V
ar

n
og

gr
an

n
.O

m
d
u
gö

r
et
t
fe
lp

å
et
t
st
äl
le

så
ko

m
m
er

re
st
en

av
u
tr
äk

n
in
ge

n
oc
ks
å
va

ra
fe
l.

A
n
vä

n
d
m
ån

ga
m
el
la
n
le
d
.O

m
d
u
är

os
äk

er
p
å
en

u
tr
äk

n
in
g
u
tf
ör

d
å
h
el
lr
e

en
kl
a
st
eg

än
et
t
st
or
t
st
eg

.
U
tv
ec
kl
a
in
te

io
n
öd

an
.D

u
ka

n
vi
d
et
t
se
n
ar
e
ti
ll
fä
ll
e
va

ra
tv
u
n
ge

n
at
t
fa
k-

to
ri
se
ra

ti
ll
ba

ka
.

L
äs
ti
p
s

■
L
äs

m
er

om
al
ge

br
a
p
å
en

ge
ls
ka

W
ik
ip
ed

ia
( http://en.

wikipedia.
org/wiki/A
lgebra)

■
U
n
d
er
st
an

d
in
g
A
lg
eb

ra
—

en
ge

ls
k
te
xt
bo

k
p
å
n
ät
et

( http://www
.jamesbren
nan.org/al
gebra/)
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2.
1
Ö
vn

in
ga

r

Ö
vn

in
g
2.
1:
1

U
tv
ec
kl
a

a)
3x

(x
−

1)
b)

(1
+

x
−

x
2 )
x
y

c)
−x

2 (
4
−

y
2
)

d
)

x
3 y

2
( 1 y

−
1 x
y

+
1)

e)
(x
−

7)
2

f)
(5

+
4y

)2

g)
(y

2
−

3x
3
)2

h
)

(5
x
3
+

3x
5 )

2

Ö
vn

in
g
2.
1:
2

U
tv
ec
kl
a

a)
(x
−

4)
(x
−

5)
−

3x
(2
x
−

3)
b)

(1
−

5x
)(
1

+
15

x
)−

3(
2
−

5x
)(
2

+
5x

)

c)
(3
x

+
4)

2
−

(3
x
−

2)
(3
x
−

8)
d
)

(3
x
2
+

2)
(3
x
2
−

2)
(9
x
4
+

4)

e)
(a

+
b)

2
+

(a
−

b)
2

Ö
vn

in
g
2.
1:
3

Fa
kt
or
is
er
a
så

lå
n
gt

so
m

m
öj
li
gt

a)
x
2
−

36
b)

5x
2
−

20
c)

x
2
+

6x
+

9

d
)

x
2
−

10
x

+
25

e)
18

x
−

2x
3

f)
16

x
2
+

8x
+

1

Ö
vn

in
g
2.
1:
4

B
es
tä
m

ko
ef
fi
ci
en

te
rn
a
fr
am

fö
r
x
oc
h

x
2
n
är

fö
lja

n
d
e
u
tt
ry
ck

u
tv
ec
kl
as

a)
(x

+
2)

(3
x
2
−

x
+

5)

b)
(1

+
x

+
x
2
+

x
3 )

(2
−

x
+

x
2
+

x
4 )

c)
(x
−

x
3
+

x
5 )

(1
+

3x
+

5x
2 )

(2
−

7x
2
−

x
4
)

Ö
vn

in
g
2.
1:
5

Fö
re
n
kl
a
så

lå
n
gt

so
m

m
öj
li
gt

a)
1

x
−

x
2
−

1 x
b)

1
y
2
−

2y
−

2
y
2
−

4

c)
(3
x
2
−

12
)(
x
2
−

1)
(x

+
1)

(x
+

2)
d
)

(y
2
+

4y
+

4)
(2
y
−

4)
(y

2
+

4)
(y

2
−

4)
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vn

in
g
2.
1:
6

Fö
re
n
kl
a
så

lå
n
gt

so
m

m
öj
li
gt

a)
( x
−

y
+

x
2

y
−

x

)(
y

2x
−

y
−

1)
b)

x

x
−

2
+

x

x
+

3
−

2

c)
2a

+
b

a2
−

ab
−

2
a
−

b
d
)

a
−

b
+

b2

a
+

b

1
−

( a−
b

a
+

b

) 2
Ö
vn

in
g
2.
1:
7

Fö
re
n
kl
a
fö
lja

n
d
e
br
åk

u
tt
ry
ck

ge
n
om

at
ts
kr
iv
a
p
å
ge

m
en

sa
m
tb

rå
ks
tr
ec
k

a)
2

x
+

3
−

2
x

+
5

b)
x

+
1

x
−

1
+

1 x
2

c)
ax

a
+

1
−

ax
2

(a
+

1)
2

Ö
vn

in
g
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1:
8

Fö
re
n
kl
a
fö
lja

n
d
e
br
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u
tt
ry
ck

ge
n
om

at
ts
kr
iv
a
p
å
ge

m
en

sa
m
tb

rå
ks
tr
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a)

x

x
+

1
3

+
x

b)

3 x
−

1 x

1
x
−

3

c)
1

1
+

1

1
+

1
1

+
x
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2
L
in
jä
ra

u
tt
ry
ck

In
n
eh

ål
l:

■
Fö

rs
ta
gr
ad

se
kv

at
io
n
er

■
R
ät
a
li
n
je
n
s
ek

va
ti
on

■
G
eo

m
et
ri
sk
a
p
ro
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em

■
O
m
rå
d
en

so
m

d
efi

n
ie
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s
av

ol
ik
h
et
er

L
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an

d
em
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:

E
ft
er

d
et
ta

av
sn

it
t
sk
a
d
u
h
a
lä
rt
d
ig

at
t:

■
L
ös
a
al
ge

br
ai
sk
a
ek

va
ti
on

er
so
m

ef
te
r
fö
re
n
kl
in
g
le
d
er

ti
ll
fö
rs
ta
gr
ad

s-
ek

va
ti
on

er
.

■
O
m
va

n
d
la

m
el
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n
fo
rm

er
n
a
y

=
kx

+
m

oc
h
ax

+
by

+
c

=
0.

■
Sk

is
se
ra

rä
ta

li
n
je
r
u
tg
åe
n
d
e
fr
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ek
va

ti
on

en
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■
L
ös
a
ge

om
et
ri
sk
a
p
ro
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so
m

in
n
eh
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le
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rä
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n
je
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Sk

is
se
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d
en

so
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ge
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av

li
n
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ol
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h
et
er

oc
h
be

st
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m
a
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n
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d
es
sa
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Fö
rs
ta
gr
ad

se
k
va

ti
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er

Fö
r
at
t
lö
sa

fö
rs
ta
gr
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se
kv

at
io
n
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(ä
ve

n
ka
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e
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n
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ek
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ti
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ör

vi
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eo
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ti
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a
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d
ig
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su
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r
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en
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en
a
le
d
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E
xe

m
p
el

1

a)
L
ös

ek
va

ti
on

en
x

+
3

=
7.

Su
bt
ra
h
er
a
3
fr
ån

bå
d
a
le
d

x
+

3
−

3
=

7
−

3.

V
än

st
er
le
d
et

fö
re
n
kl
as

d
å
ti
ll
x
oc
h
vi

få
r
at
t

x
=

7
−

3
=

4.
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b)
L
ös

ek
va

ti
on

en
3x

=
6.

D
iv
id
er
a
bå

d
a
le
d
m
ed

3
3x 3

=
6 3
.

E
ft
er

at
t
h
a
fö
rk
or
ta
t
bo

rt
3
iv
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st
er
le
d
et

h
ar

vi
at
t

x
=
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=
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L
ös
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en
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=
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Fö
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su
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h
er
ar
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d
a
le
d
m
ed
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fö
r
at
t
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2x
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m
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vä
n
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d
et
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Se
d
an

d
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id
er
ar
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d
a
le
d
m
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2
oc
h
få
r
sv
ar
et

x
=

4 2
=

2.

E
n
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rs
ta
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ad

se
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n
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n
sk
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s
p
å
n
or
m
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rm

en
ax

=
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L
ös
n
in
ge

n
är

d
å
h
el
te
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ke
lt
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a
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an
m
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te
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ta

at
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e
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u
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se
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io
n
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lt
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u
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e
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re
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r
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h
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fö
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m
m
a
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n
or
m
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en
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n
ed

an
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s

n
åg

ra
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em
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el
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m

h
ar

d
et

ge
m
en
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m
ta

tt
en
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va

ti
on

fö
re
n
kl
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ti
ll
li
n
jä
r
n
or
m
al
fo
rm

oc
h
d
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m
ed

få
r
en

u
n
ik

lö
sn

in
g.

E
xe

m
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el

2

L
ös

ek
va

ti
on

en
2x
−

3
=

5x
+

7.

E
ft
er
so
m

x
fö
re
ko

m
m
er

bå
d
e
iv

än
st
er
-o

ch
h
ög

er
le
d
et

su
bt
ra
h
er
ar

vi
2x
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ån

bå
d
a

le
d

2x
−

3
−

2x
=

5x
+

7
−

2x

oc
h
få
r
x
sa
m
la
ti

h
ög

er
le
d
et

−3
=

3x
+

7.

N
u
su

bt
ra
h
er
ar

vi
7
fr
ån

bå
d
a
le
d −3
−

7
=

3x
+

7
−

7

oc
h
få
r
3x

en
sa
m
tk

va
r
ih

ög
er
le
d
et

−1
0

=
3x

.
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D
et

si
st
a
st
eg

et
är

at
t
d
iv
id
er
a
bå

d
a
le
d
m
ed

3

−1
0

3
=

3x 3

oc
h
d
et
ta

ge
r
at
t

x
=
−
10 3

.

E
xe

m
p
el

3

L
ös

u
t
x
fr
ån

ek
va

ti
on

en
ax

+
7

=
3x
−

b.

G
en

om
at
t
su

bt
ra
h
er
a
bå

d
a
le
d
m
ed

3x

ax
+

7
−

3x
=

3x
−

b
−

3x

ax
+

7
−

3x
=

−
b

oc
h
se
d
an

m
ed

7

ax
+

7
−

3x
−

7
=
−b
−

7

ax
−

3x
=
−b
−

7

h
ar

vi
sa
m
la
t
al
la

te
rm

er
so
m

in
n
eh

ål
le
r
x
i
vä

n
st
er
le
d
et

oc
h
öv

ri
ga

te
rm

er
i
h
ö-

ge
rl
ed

et
.
E
ft
er
so
m

te
rm

er
n
a
i
vä

n
st
er
le
d
et

h
ar

x
so
m

en
ge

m
en

sa
m

fa
kt
or

ka
n
x

br
yt
as

u
t

(a
−

3)
x

=
−b
−

7.

D
iv
id
er
a
bå

d
a
le
d
m
ed

a
−

3

x
=
−b
−

7
a
−

3
.

D
et

är
in
te

al
lt
id

u
p
p
en

ba
rt

at
t
m
an

h
ar

at
t
gö

ra
m
ed

en
fö
rs
ta
gr
ad

se
kv

at
io
n
.
I
fö
l-

ja
n
d
e
tv
å
ex
em

p
el

fö
rv
an

d
la
s
d
en

u
rs
p
ru
n
gl
ig
a
ek

va
ti
on

en
ge

n
om

fö
re
n
kl
in
ga

r
ti
ll
en

fö
rs
ta
gr
ad

se
kv

at
io
n
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E
xe

m
p
el

4

L
ös

ek
va

ti
on

en
(x
−

3)
2
+

3x
2

=
(2
x

+
7)

2 .
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U
tv
ec
kl
a
kv

ad
ra
tu
tt
ry
ck
en

ib
åd

a
le
d
en

x
2
−

6x
+

9
+

3x
2

=
4x

2
+

28
x

+
49

,

4x
2
−

6x
+

9
=

4x
2
+

28
x

+
49

.

Su
bt
ra
h
er
a
4x

2
fr
ån

bå
d
a
le
d

−6
x

+
9

=
28

x
+

49
.

A
d
d
er
a
6x

ti
ll
bå

d
a
le
d

9
=

34
x

+
49

.

Su
bt
ra
h
er
a
49

fr
ån

bå
d
a
le
d

−4
0

=
34

x
.

D
iv
id
er
a
bå

d
a
le
d
m
ed

34

x
=
−4

0
34

=
−
20 17

.

E
xe

m
p
el

5

L
ös

ek
va

ti
on

en
x

+
2

x
2
+

x
=

3
2

+
3x

.

Fl
yt
ta

öv
er

bå
d
a
te
rm

er
n
a
ie

n
a
le
d
et

x
+

2
x
2
+

x
−

3
2

+
3x

=
0.

Fö
rl
än

g
te
rm

er
n
a
så

at
td

e
få
r
sa
m
m
a
n
äm

n
ar
e

(x
+

2)
(2

+
3x

)
(x

2
+

x
)(
2

+
3x

)
−

3(
x
2
+

x
)

(2
+

3x
)(
x
2
+

x
)

=
0

oc
h
fö
re
n
kl
a
tä
lja

re
n

(x
+

2)
(2

+
3x

)−
3(
x
2
+

x
)

(x
2
+

x
)(
2

+
3x

)
=

0,

3x
2
+

8x
+

4
−

(3
x
2
+

3x
)

(x
2
+

x
)(
2

+
3x

)
=

0,

5x
+

4
(x

2
+

x
)(
2

+
3x

)
=

0.

D
en

n
a
ek

va
ti
on

är
u
p
p
fy
ll
d
ba

ra
n
är

tä
lja

re
n
är

li
ka

m
ed

n
ol
l(
sa
m
ti
d
ig
ts
om

n
äm

-
n
ar
en

in
te

är
li
ka

m
ed

n
ol
l)
,

5x
+

4
=

0

vi
lk
et

ge
r
at
t
x

=
−

4 5
.
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R
ät
a
li
n
je
r

Fu
n
kt
io
n
er

av
ty
p
en

y
=

2x
+

1

y
=
−x

+
3

y
=

1 2
x
−

5

är
ex
em

p
el

p
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el
la

ta
la

oc
h
b.

n√ ab
=
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at
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p
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=
√ 4

·2
=
√ 4

·√
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=
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ef
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m
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n
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=
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=
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√ 2

=
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=
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=
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3√ 2
=

2
·3√

2
2

=
3√ 2

f)
(√

3
+
√ 2

)(
√ 3

−
√ 2

)
=

(√
3
)2
−

(√
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at
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+
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−
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=

a2
−
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√ 3
√ 2

+
1

=
√ 3

√ 2
+

1
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1

√ 2
−

1
=

√ 3
(√

2
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2
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·√

5
=

10
√ 15
5

=
2√

15

b)
1

+
√ 3

√ 2
=

(1
+
√ 3)

·√
2

√ 2
·√

2
=
√ 2

+
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n
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ra
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r
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rn
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eg
en

tl
ig
en

sp
ec
ia
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ot
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xe
m
p
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√
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fö
rd
ju
p
a
d
ig

yt
te
rl
ig
ar
e
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)



79

L
än

k
ti
p
s

■
H
u
r
m
an

fi
n
n
er

ro
te
n
u
r
et
t
ta
l,
u
ta
n
h
jä
lp

av
m
in
ir
äk

n
ar
e?

( http://mat
hforum.org
/dr.math/f
aq/faq.sqr
t.by.hand.
html)

80

3.
1
Ö
vn

in
ga

r

Ö
vn

in
g
3.
1:
1

Sk
ri
v
ip

ot
en

sf
or
m

a)
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√ √
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·√
8

f)
3√ 8

g)
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4√

20
−

3√
18
−

2√
80

d
)

√ 48
+
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at
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√
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√
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p
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u
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p
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n
st
er
-o

ch
h
ög

er
le
d
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−
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=
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−
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=

1
−

2x
+

x
2 .

D
et
ta

är
en

an
d
ra
gr
ad

se
kv

at
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=
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−
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at
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v
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on

en
1 ln
x
−

ln
x

=
1,

d
är

vi
ka

n
be

tr
ak

ta
ln

x
so
m

en
n
y
ob

ek
an

t.
M
u
lt
ip
li
ce
ra
r
vi

bå
d
a
le
d
m
ed

ln
x
(s
om

är
sk
il
d
fr
ån

n
ol
ln

är
x
6=

1)
få
r
vi

en
an

d
ra
gr
ad

se
kv

at
io
n
il
n
x

1
−

(l
n
x
)2

=
ln

x
,

(l
n
x
)2

+
ln

x
−

1
=

0.

K
va

d
ra
tk
om

p
le
tt
er
in
g
av

vä
n
st
er
le
d
et

(l
n
x
)2

+
ln

x
−

1
=

( ln
x

+
1 2

) 2 −
( 1 2

) 2 −
1

=
( ln

x
+

1 2

) 2 −
5 4

fö
ljt

av
ro
tu
td
ra
gn

in
g
ge

r
at
t

ln
x

=
−
1 2
±
√ 5 2

.

D
et
ta

be
ty
d
er

at
t
ek

va
ti
on

en
h
ar

tv
å
lö
sn

in
ga

r

x
=

e(
−1

+
√ 5)

/
2

oc
h

x
=

e−
(1

+
√ 5)

/
2 .

Fa
ls
k
a
rö
tt
er

N
är

m
an

lö
se
r
ek

va
ti
on

er
gä

ll
er

d
et

oc
ks
å
at
t
tä
n
ka

p
å
at
t
ar
gu

m
en

t
ti
ll
lo
ga

ri
tm

er
m
ås
te

va
ra

p
os
it
iv
a
oc
h
at
tu

tt
ry
ck

av
ty
p
en

e(
...

)
ba

ra
ka

n
an

ta
p
os
it
iv
a
vä

rd
en

.R
is
ke

n
är

an
n
ar
s
at
t
m
an

få
r
m
ed

fa
ls
ka

rö
tt
er
.

E
xe

m
p
el

7

L
ös

ek
va

ti
on

en
ln

(4
x
2
−

2x
)

=
ln

(1
−

2x
).
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1 Fö
r
at
t
ek

va
ti
on

en
sk
a
va

ra
u
p
p
fy
ll
d
m
ås
te

ar
gu

m
en

te
n
4x

2
−

2x
oc
h
1
−

2x
va

ra
li
ka

,
4x

2
−

2x
=

1
−

2x
,

(∗)
oc
h
d
es
su

to
m

p
os
it
iv
a.

V
il
ös
er

ek
va

ti
on

en
(∗

)
ge

n
om

at
t
fl
yt
ta

öv
er

al
la

te
rm

er
i

en
a
le
d
et

4x
2
−

1
=

0

oc
h
an

vä
n
d
er

ro
tu
td
ra
gn

in
g.

D
et
ta

ge
r
at
t

x
=
−

1 2
oc
h

x
=

1 2
.

V
ik

on
tr
ol
le
ra
r
n
u
om

bå
d
a
le
d
i(
∗)

är
p
os
it
iv
a

■
O
m

x
=
−

1 2
bl
ir

bå
d
a
le
d
li
ka

m
ed

4x
2
−

2x
=

1
−

2x
=

1
−

2
·( −1 2

) =
1

+
1

=
2

>
0.

■
O
m

x
=

1 2
bl
ir
bå

d
a
le
d
li
ka

m
ed

4x
2
−

2x
=

1
−

2x
=

1
−
2
·1 2

=
1
−

1
=

0
6>

0.

A
ll
ts
å
h
ar

lo
ga

ri
tm

ek
va

ti
on

en
ba

ra
en

lö
sn

in
g
x

=
−

1 2
.

E
xe

m
p
el

8

L
ös

ek
va

ti
on

en
e2

x
−

ex
=

1 2
.

D
en

fö
rs
ta

te
rm

en
ka

n
vi

sk
ri
va

so
m

e2
x

=
(e

x
)2
.
H
el
a
ek

va
ti
on

en
är

al
lt
så

en
an

d
ra
gr
ad

se
kv

at
io
n
m
ed

ex
so
m

ob
ek

an
t

(e
x
)2
−

ex
=

1 2
.

E
kv

at
io
n
en

ka
n
va

ra
li
te

en
kl
ar
e
at
t
h
an

te
ra

om
vi

sk
ri
ve

r
t
is
tä
ll
et

fö
r
ex
,

t2
−

t
=

1 2
.

K
va

d
ra
tk
om

p
le
tt
er
a
vä

n
st
er
le
d
et ( t
−

1 2

) 2 −
( 1 2

) 2 =
1 2
,

( t
−

1 2

) 2 =
3 4
,

vi
lk
et

ge
r
lö
sn

in
ga

rn
a

t
=

1 2
−
√ 3 2

oc
h

t
=

1 2
+
√ 3 2

.

10
2

E
ft
er
so
m
√ 3

>
1
så

är
1 2
−

1 2

√ 3
<

0
oc
h
d
et

är
ba

ra
t
=

1 2
+

1 2

√ 3
so
m

ge
r
en

lö
sn

in
g

ti
ll
d
en

u
rs
p
ru
n
gl
ig
a
ek

va
ti
on

en
ef
te
rs
om

ex
al
lt
id

är
p
os
it
iv
.
L
og

ar
it
m
er
in
g
ge

r
sl
u
tl
ig
en

at
t

x
=

ln
( 1 2

+
√ 3 2

)
är

d
en

en
d
a
lö
sn

in
ge

n
ti
ll
ek

va
ti
on

en
.

R
åd

fö
r
in
lä
sn

in
g

G
ru

n
d
-o

ch
sl
u
tp
ro
v

E
ft
er

at
td

u
h
ar

lä
st
te
xt
en

oc
h
ar
be

ta
tm

ed
öv

n
in
ga

rn
a
sk
a
d
u
gö

ra
gr
u
n
d
-
oc
h

sl
u
tp
ro
ve

tf
ör

at
tb

li
go

d
kä

n
d
p
å
d
et
ta

av
sn

it
t.
D
u
h
it
ta
r
lä
n
ke

n
ti
ll
p
ro
ve

n
id

in
st
u
d
en

t
lo
u
n
ge

.

T
än

k
p
å
at
t:

D
u
ka

n
be

h
öv

a
lä
gg

a
n
er

m
yc
ke

t
ti
d
p
å
lo
ga

ri
tm

er
.

L
og

ar
it
m
er

br
u
ka

r
be

h
an

d
la
s
öv

er
si
kt
li
gt

ig
ym

n
as
ie
t.
D
är
fö
r
br
u
ka

r
m
ån

ga
h
ög

sk
ol
es
tu
d
en

te
r
st
öt
a
p
å
p
ro
bl
em

n
är

d
et

gä
ll
er

at
tr
äk

n
a
m
ed

lo
ga

ri
tm

er
.
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3.
4
Ö
vn

in
ga

r

Ö
vn

in
g
3.
4:
1

L
ös

ek
va

ti
on

er
n
a

a)
ex

=
13

b)
13

ex
=

2
·3
−x

c)
3e

x
=

7
·2

x

Ö
vn

in
g
3.
4:
2

L
ös

ek
va

ti
on

er
n
a

a)
2x

2
−2

=
1

b)
e2

x
+

ex
=

4
c)

3e
x
2
=

2x

Ö
vn

in
g
3.
4:
3

L
ös

ek
va

ti
on

er
n
a

a)
2−

x
2
=

2e
2x

b)
ln

(x
2
+

3x
)

=
ln

(3
x
2
−

2x
)

c)
ln

x
+

ln
(x

+
4)

=
ln

(2
x

+
3)

10
4

4.
1
V
in
k
la
r
oc
h
ci
rk
la
r

In
n
eh

ål
l:

■
O
li
ka

vi
n
ke

lm
åt
t
(g
ra
d
er
,r
ad

ia
n
er

oc
h
va

rv
)

■
P
yt
h
ag

or
as

sa
ts

■
A
vs
tå
n
d
sf
or
m
el
n
ip

la
n
et

■
C
ir
ke

ln
s
ek

va
ti
on

L
är
an

d
em

ål
:

E
ft
er

d
et
ta

av
sn

it
t
sk
a
d
u
h
a
lä
rt
d
ig

at
t:

■
O
m
va

n
d
la

m
el
la
n
gr
ad

er
,r
ad

ia
n
er

oc
h
va

rv
.

■
B
er
äk

n
a
ar
ea
n
oc
h
om

kr
et
se
n
av

ci
rk
el
se
kt
or
er
.

■
K
än

n
a
ti
ll
be

gr
ep

p
en

ka
te
t,
h
yp

ot
en

u
sa

oc
h
rä
tv
in
kl
ig

tr
ia
n
ge

l.
■
Fo

rm
u
le
ra

oc
h
an

vä
n
d
a
P
yt
h
ag

or
as

sa
ts
.

■
B
er
äk

n
a
av

st
ån

d
et

m
el
la
n
tv
å
p
u
n
kt
er

ip
la
n
et
.

■
Sk

is
se
ra

ci
rk
la
r
m
ed

h
jä
lp

av
at
t
kv

ad
ra
tk
om

p
le
tt
er
a
d
er
as

ek
va

ti
on

er
.

■
K
än

n
a
ti
ll
be

gr
ep

p
en

en
h
et
sc
ir
ke

l,
ta
n
ge

n
t,
ra
d
ie
,d

ia
m
et
er
,p

er
if
er
i,
ko

r-
d
a
oc
h
ci
rk
el
bå

ge
.

■
L
ös
a
ge

om
et
ri
sk
a
p
ro
bl
em

so
m

in
n
eh

ål
le
r
ci
rk
la
r.

V
in
k
el
m
åt
t

D
et

fi
n
n
s
fl
er
a
ol
ik
a
en

h
et
er

fö
r
at
tm

ät
a
vi
n
kl
ar
,s
om

är
p
ra
kt
is
ka

io
li
ka

sa
m
m
an

h
an

g.
D
e
tv
å
va

n
li
ga

st
e
vi
n
ke

lm
åt
te
n
im

at
em

at
ik
en

är
gr
ad

er
oc
h
ra
d
ia
n
er
.

■
G
ra
d
er
.O

m
et
t
h
el
t
va

rv
d
el
as

in
i
36

0
d
el
ar
,s
å
ka

ll
as

va
rj
e
d
el

1
gr
ad

.B
et
ec
k-

n
in
ge

n
fö
r
gr
ad

er
är

◦ .
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■
R
ad

ia
n
er
.
E
tt

an
n
at

sä
tt

at
t
m
ät
a
vi
n
kl
ar

är
at
t
an

vä
n
d
a
lä
n
gd

en
av

vi
n
ke

ln
s

ci
rk
el
bå

ge
if
ör
h
ål
la
n
d
e
ti
ll
ra
d
ie
n
so
m

m
åt
t
p
å
vi
n
ke

ln
.D

et
ta

vi
n
ke

lm
åt
t
ka

ll
as

fö
r
ra
d
ia
n
.E

tt
va

rv
är

al
lt
så

2π
ra
d
ia
n
er

ef
te
rs
om

ci
rk
el
n
s
om

kr
et
s
är

2π
r,
d
är

r
är

ci
rk
el
n
s
ra
d
ie
.

E
tt
h
el
tv

ar
v
är

36
0◦

el
le
r
2π

ra
d
ia
n
er

oc
h
d
et

gö
r
at
t

1◦
=

1 36
0
·2

π
ra
d
ia
n
er

=
π 18
0

ra
d
ia
n
er
,

1
ra
d
ia
n

=
1 2π
·3
60
◦

=
18

0◦ π
.

D
es
sa

om
va

n
d
li
n
gs
fa
kt
or
er

ka
n
an

vä
n
d
as

fö
r
at
tk

on
ve

rt
er
a
m
el
la
n
gr
ad

er
oc
h
ra
d
ia
-

n
er
.

E
xe

m
p
el

1

a)
30
◦

=
30
·1
◦

=
30
·

π 18
0
ra
d
ia
n
er

=
π 6

ra
d
ia
n
er

b)
π 8

ra
d
ia
n
er

=
π 8
·(
1
ra
d
ia
n

)
=

π 8
·1

80
◦

π
=

22
,5
◦

I
en

d
el

sa
m
m
an

h
an

g
ka

n
d
et

va
ra

m
en

in
gs
fu
ll
t
at
t
ta
la

om
n
eg

at
iv
a
vi
n
kl
ar

el
le
r

vi
n
kl
ar

so
m

är
st
ör
re

än
36

0◦
.
D
å
ka

n
m
an

an
vä

n
d
a
at
t
m
an

ka
n
an

ge
sa
m
m
a
ri
kt
-

n
in
g
m
ed

fl
er
a
ol
ik
a
vi
n
kl
ar

so
m

sk
il
je
r
si
g
fr
ån

va
ra
n
d
ra

m
ed

et
t
h
el
ta

n
ta
lv

ar
v.

x

y

45
◦

x

y

−3
15
◦

x

y

40
5◦

10
6

E
xe

m
p
el

2

a)
V
in
kl
ar
n
a
−5

5◦
oc
h
66

5◦
an

ge
r
sa
m
m
a
ri
kt
n
in
g
ef
te
rs
om

−5
5◦

+
2
·3

60
◦

=
66

5◦
.

b)
V
in
kl
ar
n
a
3π 7

oc
h
−
11

π 7
an

ge
r
sa
m
m
a
ri
kt
n
in
g
ef
te
rs
om

3π 7
−

2π
=
−
11

π 7
.

c)
V
in
kl
ar
n
a
36
◦
oc
h
21

6◦
an

ge
r
in
te

sa
m
m
a
ri
kt
n
in
g
u
ta
n
m
ot
sa
tt
a
ri
kt
n
in
ga

r
ef
te
rs
om

36
◦ +

18
0◦

=
21

6◦
.

A
vs

tå
n
d
sf
or
m
el
n

P
yt
h
ag

or
as

sa
ts

är
en

av
d
e
m
es
t
kä

n
d
a
sa
ts
er
n
a
i
m
at
em

at
ik
en

oc
h
sä
ge

r
at
t
i
en

rä
tv
in
kl
ig

tr
ia
n
ge

lm
ed

ka
te
te
r
a
oc
h
b,
oc
h
h
yp

ot
en

u
sa

c
gä

ll
er

at
t

P
yt
h
ag

or
as

sa
ts
: c2

=
a2

+
b2
.

a

b
c

E
xe

m
p
el

3

I
tr
ia
n
ge

ln
ti
ll
h
ög

er
är

c2
=

32
+

42
=

9
+

16
=

25

oc
h
d
är
fö
r
är

h
yp

ot
en

u
sa
n
c
li
ka

m
ed

c
=
√ 25

=
5.

4

3
c

P
yt
h
ag

or
as

sa
ts
ka

n
an

vä
n
d
as

fö
r
at
tb

er
äk

n
a
av

st
ån

d
et

m
el
la
n
tv
å
p
u
n
kt
er

ie
tt
ko

or
-

d
in
at
sy
st
em

.
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A
vs
tå
n
d
sf
or
m
el
n
:

A
vs
tå
n
d
et

d
m
el
la
n
tv
å
p
u
n
kt
er

m
ed

ko
or
d
in
at
er

(x
,y

)
oc
h

(a
,b

)
är

d
=

√ (x
−

a)
2
+

(y
−

b)
2 .

L
in
je
st
yc
ke

t
m
el
la
n
p
u
n
kt
er
n
a
är

h
yp

ot
en

u
sa
n
ie

n
rä
tv
in
kl
ig

tr
ia
n
ge

l
va

rs
ka

te
te
r
är

p
ar
al
le
ll
a
m
ed

ko
or
d
in
at
ax

la
rn
a.

d

x
a

y b

K
at
et
er
n
as

lä
n
gd

är
li
ka

m
ed

be
lo
p
p
et

av
sk
il
ln
ad

en
i
x
-
oc
h
y
-l
ed

m
el
la
n
p
u
n
kt
er
n
a,

d
vs
.|x

−
a|

re
sp

ek
ti
ve
|y
−

b|.
P
yt
h
ag

or
as

sa
ts

ge
r
se
d
an

av
st
ån

d
sf
or
m
el
n
.

E
xe

m
p
el

4

a)
A
vs
tå
n
d
et

m
el
la
n

(1
,2

)
oc
h

(3
,1

)
är

d
=

√ (1
−

3)
2
+

(2
−

1)
2

=
√ (−

2)
2
+

12
=
√ 4

+
1

=
√ 5.

b)
A
vs
tå
n
d
et

m
el
la
n

(−
1,
0)

oc
h

(−
2,
−5

)
är

d
=

√ (−
1
−

(−
2)

)2
+

(0
−

(−
5)

)2
=

√ 12
+

52
=
√ 1

+
25

=
√ 26

.

10
8

C
ir
k
la
r

E
n
ci
rk
el

be
st
år

av
al
la

p
u
n
kt
er

so
m

be
fi
n
n
er

si
g
p
å
et
t
vi
ss
t
fi
xt

av
st
ån

d
r
fr
ån

en
p
u
n
kt

(a
,b

).

(a
,b

)r

A
vs
tå
n
d
et

r
ka

ll
as

fö
r
ci
rk
el
n
s
ra
d
ie

oc
h
p
u
n
kt
en

(a
,b

)
fö
r
ci
rk
el
n
s
m
ed

el
p
u
n
kt
.F

ig
u
-

re
n
n
ed

an
vi
sa
r
an

d
ra

vi
kt
ig
a
ci
rk
el
be

gr
ep

p
.

D
ia
m
et
er

Ta
n
ge

n
t

K
or
d
a

Se
ka

n
t

C
ir
ke

lb
åg

e
P
er
if
er
i

C
ir
ke

ls
ek

to
r

C
ir
ke

ls
eg

m
en

t

E
xe

m
p
el

5

E
n
ci
rk
el
se
kt
or

är
gi
ve

n
ifi

gu
re
n
ti
ll
h
ög

er
.

a)
B
es
tä
m

ci
rk
el
bå

ge
n
s
lä
n
gd

.

M
ed

el
p
u
n
kt
sv
in
ke

ln
50
◦
bl
ir
ir
ad

ia
n
er

50
◦

=
50
·1
◦

=
50
·

π 18
0
ra
d
ia
n
er

=
5π 18

ra
d
ia
n
er
.

P
å
d
et

sä
tt
so
m

ra
d
ia
n
er

är
d
efi

n
ie
ra
t
be

ty
d
er

d
et
ta

at
t
ci
rk
el
bå

ge
n
s
lä
n
gd

är
ra
d
ie
n
m
u
lt
i-

p
li
ce
ra
tm

ed
vi
n
ke

ln
m
ät
t
ir
ad

ia
n
er
,

3
·5

π 18
l.e

.=
5π 6

l.e
.

3
50
◦
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b)
B
es
tä
m

ci
rk
el
se
kt
or
n
s
ar
ea
.

C
ir
ke

ls
ek

to
rn
s
an

d
el

av
h
el
a
ci
rk
el
n
är

50
◦

36
0◦

=
5 36

oc
h
d
et

be
ty
d
er

at
td

es
s
ar
ea

är
5 36
d
el
ar

av
ci
rk
el
n
s
ar
ea

so
m

är
π
r2

=
π
32

=
9π

,d
vs
.

5 36
·9

π
a.
e.

=
5π 4

a.
e.

E
n
p
u
n
kt

(x
,y
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er
p
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ci
rk
el
n
so
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h
ar

m
ed

el
p
u
n
kt
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ra
d
ie
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om
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d
ti
ll
m
ed

el
p
u
n
kt
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m
ed
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D
et
ta
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ll
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r
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n
fo
rm

u
le
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s
m
ed
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st
ån

d
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fo
rm

el
n
so
m

C
ir
k
el
n
s
ek
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ti
on

:
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−

a)
2
+
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−

b)
2

=
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.
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E
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p
el
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a)
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−
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2
+

(y
−
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rk
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u
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+
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−
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√ 1

=
1.

x

y

c)
(x

+
1)

2
+
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−
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−
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+
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−
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d
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ra
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E
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p
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7
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−
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+
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p
ar

vi
in

p
u
n
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=

1
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−
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2
+
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=

(−
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2
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=
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L
.
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p
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p
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å
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rk
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)
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B
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m

ek
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en
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r
ci
rk
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n
so
m
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ar
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el
p
u
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h
in
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p
u
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E
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p
u
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a
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a
p
å
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n
m
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te

ci
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n
s
ra
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p
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A
vs
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sf
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m
el
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d
et
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=
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−

1)
2
+
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2

=
√ 4

+
16
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√ 20

.

C
ir
ke

ln
s
ek

va
ti
on

är
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är
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−

3)
2
+

(y
−
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2

=
20

. x

y

(1
,0

)(3
,4

)

E
xe

m
p
el

8

B
es
tä
m

m
ed

el
p
u
n
kt

oc
h
ra
d
ie

fö
r
d
en

ci
rk
el

va
rs

ek
va

ti
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är
x
2
+

y
2
−
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+

4y
+

1
=

0.

V
is
ka

fö
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a
sk
ri
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om
ci
rk
el
n
s
ek
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on

p
å
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rm

en
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−
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2
+
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−

b)
2
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r
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ir
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lä
sa
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p
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ra
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r.
B
ör
ja
m
ed

at
t
kv

ad
ra
tk
om

p
le
tt
er
a
te
rm

er
n
a
so
m

in
n
eh

ål
le
r
x
iv

än
st
er
le
d
et

x
2
−
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+
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+
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1
=
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−
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−
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+
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1
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p
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ra
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te
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le
r
y
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−
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2
−

12
+

y
2
+

4y
+

1
=

(x
−

1)
2
−

12
+

(y
+

2)
2
−
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+

1.

V
än

st
er
le
d
et

är
al
lt
så

li
ka

m
ed

(x
−

1)
2
+
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+
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2
−

4

oc
h
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öv
er

4
ti
ll
h
ög

er
le
d
et
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ci
rk
el
n
s
ek

va
ti
on
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2
+
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+
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2
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kt
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h
ra
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ie
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R
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r
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E
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h
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ra
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n
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D
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h
it
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r
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.

L
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s
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r
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e
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:

■
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rk
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L
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n
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s
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h
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n
u
s
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et
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ir
ke
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]
(F
la
sh

)
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.math.kth.
se/online/
images/sin
us_oh_os
inus_i_

enhetsirk
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ra
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ra
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−
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ra
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b)
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0◦

Ö
vn

in
g
4.
1:
3

B
es
tä
m

lä
n
gd

en
av

si
d
an

so
m

är
m
ar
ke

ra
d
m
ed

x
.

a)

30

40
x
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m
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m
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p
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p
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p
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p
u
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ra
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p
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p
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+
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−
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+
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−
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−
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+
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=
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+
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+
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−

2y
=
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+
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+
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=
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−
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+
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+
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−
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+
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+
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r
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m
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d
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s.

L
är
an

d
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at
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d
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h
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.
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d
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d
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h
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h
ta
n
ge

n
s
fö
r
ar
gu

m
en

t
so
m

ka
n

re
d
u
ce
ra
s
ti
ll
st
an

d
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.
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m
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b
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d
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ra
d
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d
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◦
≈

0,
84

så
är

x
=

5
m
·ta

n
40
◦
≈

5
m
·0

,8
4

=
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.
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B
es
tä
m

lä
n
gd

en
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si
d
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m
ar
ke

ra
d
m
ed

x
ifi

gu
re
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p
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u
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få
s

22 40
=
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at
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=
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h
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u

=
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=
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b c
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a c
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d
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u
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at
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◦
≈
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=
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m
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( −
5π 3

)
Ö
vn

in
g
4.
2:
5

B
es
tä
m

a)
co
s
13

5◦
b)

ta
n
22

5◦
c)

co
s
33

0◦
d
)

ta
n
49

5◦

Ö
vn

in
g
4.
2:
6

B
es
tä
m

lä
n
gd

en
av

st
rä
ck
an

so
m

är
m
ar
ke

ra
d
m
ed

x
.

60
◦

45
◦

1

x

Ö
vn

in
g
4.
2:
7

Fö
r
at
t
m
ät
a
u
p
p
br
ed

d
en

av
en

äl
v
m
ät
er

vi
fr
ån

tv
å
p
u
n
kt
er

A
oc
h

B
lä
n
gs

d
en

en
a
ra
ka

st
ra
n
d
en

vi
n
ke

ln
ti
ll
et
t
tr
äd

C
p
å
m
ot
sa
tt
si
d
a
äl
ve

n
.H

u
r
br
ed

är
äl
ve

n
om
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m
åt
te
n
ifi

gu
re
n
gä

ll
er
? A

B
30
◦

45
◦

10
m

C

Ö
vn

in
g
4.
2:
8

E
n
st
ån

g
m
ed

lä
n
gd

ℓ
är

u
p
p
h
än

gd
i
tv
å
li
n
or

m
ed

lä
n
gd

a
re
sp

.
b
en

li
gt

fi
gu

re
n
.

L
in
or
n
a
bi
ld
ar

vi
n
kl
ar

α
re
sp

.
β
m
ed

ve
rt
ik
al
en

.
B
es
tä
m

en
tr
ig
on

om
et
ri
sk

ek
va

ti
on

fö
r
vi
n
ke

ln
γ
so
m

st
ån

ge
n
bi
ld
ar

m
ed

ve
rt
ik
al
en

.

a

α
b

β

ℓ
γ

Ö
vn

in
g
4.
2:
9

B
il
vä

ge
n
fr
ån

A
ti
ll
B
be

st
år

av
tr
e
rä
tl
in
jig

a
d
el
ar

A
P
,
P
Q

oc
h
Q
B
,
vi
lk
a
är

4,
0
km

,
12

,0
km

re
sp

ek
ti
ve

5,
0
km

.
D
e
i
fi
gu

re
n
m
ar
ke

ra
d
e
vi
n
kl
ar
n
a
vi
d
P
oc
h
Q

är
30
◦
re
-

sp
ek

ti
ve

90
◦ .

B
er
äk

n
a
av

st
ån

d
et

få
ge

lv
äg

en
fr
ån

A
ti
ll

B
.
(U

p
p
gi
ft
en

är
h
äm

ta
d
u
r

C
en

tr
al
a
p
ro
ve

t
im

at
em

at
ik
,n

ov
em

be
r
19

76
,m

en
an

in
ge

n
m
od

ifi
er
ad

.)

A

P

Q
B

30
◦

13
0

4.
3
Tr
ig
on

om
et
ri
sk

a
sa
m
b
an

d

In
n
eh

ål
l:

■
Tr
ig
on

om
et
ri
sk
a
et
ta
n

■
Fo

rm
el
n
fö
r
d
u
bb

la
oc
h
h
al
va

vi
n
ke

ln
■
A
d
d
it
io
n
s-

oc
h
su

bt
ra
kt
io
n
sf
or
m
le
rn
a

L
är
an

d
em

ål
:

E
ft
er

d
et
ta

av
sn

it
t
sk
a
d
u
h
a
lä
rt
d
ig

at
t:

■
H
är
le
d
a
tr
ig
on

om
et
ri
sk
a
sa
m
ba

n
d
fr
ån

sy
m
m
et
ri
er

ie
n
h
et
sc
ir
ke

ln
.

■
Fö

re
n
kl
a
tr
ig
on

om
et
ri
sk
a
u
tt
ry
ck

m
ed

h
jä
lp

av
d
e
tr
ig
on

om
et
ri
sk
a
sa
m
-

ba
n
d
en

.

In
le
d
n
in
g

D
et

fi
n
n
s
en

m
än

gd
tr
ig
on

om
et
ri
sk
a
sa
m
ba

n
d
,m

ed
vi
lk
a
m
an

ka
n
öv

er
sä
tt
a
m
el
la
n

si
n
u
s-
,
co
si
n
u
s-

oc
h
ta
n
ge

n
sv
är
d
en

fö
r
en

vi
n
ke

l
el
le
r
m
u
lt
ip
la
r
av

en
vi
n
ke

l.
D
es
sa

br
u
ka

r
oc
ks
å
ka

ll
as

tr
ig
on

om
et
ri
sk
a
id
en

ti
te
te
r,
ef
te
rs
om

d
e
en

d
as
t
är

ol
ik
a
sä
tt

at
t

be
sk
ri
va

et
t
oc
h
sa
m
m
a
u
tt
ry
ck

m
ed

h
jä
lp

av
ol
ik
a
tr
ig
on

om
et
ri
sk
a
fu
n
kt
io
n
er
.
H
är

ko
m
m
er

vi
at
t
be

sk
ri
va

n
åg

ra
av

d
es
sa

tr
ig
on

om
et
ri
sk
a
sa
m
ba

n
d
.
D
et

fi
n
n
s
m
ån

ga
fl
er

än
vi

ka
n
be

h
an

d
la

h
är
.
D
e
fl
es
ta

ka
n
h
är
le
d
as

u
ti
fr
ån

d
en

s.
k.

tr
ig
on

om
et
ri
sk

a
et
ta
n
oc
h
ad

d
it
io
n
sf
or
m
le
rn
a
(s
e
n
ed

an
),
vi
lk
a
är

vi
kt
ig
a
at
tk

u
n
n
a
u
ta
n
ti
ll
.

Tr
ig
on

om
et
ri
sk

a
et
ta
n

D
et
ta

sa
m
ba

n
d

är
d
et

m
es
t
gr
u
n
d
lä
gg

an
d
e,

m
en

är
i
sj
äl
va

ve
rk
et

in
ge

n
ti
n
g
an

n
at

än
P
yt
-

h
ag

or
as

sa
ts
,t
il
lä
m
p
ad

ie
n
h
et
sc
ir
ke

ln
.D

en
rä
t-

vi
n
kl
ig
a
tr
ia
n
ge

ln
ti
ll
h
ög

er
vi
sa
r
at
t

(s
in

v
)2

+
(c
os

v
)2

=
1,

vi
lk
et

br
u
ka

r
sk
ri
va

s
si
n
2 v

+
co
s2
v

=
1.

x

y

1 co
sv

si
n

v
v
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S
ym

m
et
ri
er

M
ed

h
jä
lp

av
en

h
et
sc
ir
ke

ln
oc
h
sp

eg
li
n
g
ka

n
m
an

ta
ck

va
re

d
e
tr
ig
on

om
et
ri
sk
a
fu
n
k-

ti
on

er
n
as

sy
m
m
et
ri
er

h
it
ta

en
st
or

m
än

gd
sa
m
ba

n
d
m
el
la
n
co
si
n
u
s
oc
h
si
n
u
s.

co
s(
−v

)
=

co
s
v

si
n
(−

v
)

=
−
si
n
v

co
s(

π
−

v
)

=
−
co
s
v

si
n
(π
−

v
)

=
si
n
v

co
s( π 2

−
v
) =

si
n
v

si
n
( π 2

−
v
) =

co
s
v

co
s( v

+
π 2

) =
−
si
n
v

si
n
( v

+
π 2

) =
co
s
v

Is
tä
ll
et

fö
r
at
t
fö
rs
ök

a
lä
ra

si
g
al
la

d
es
sa

sa
m
ba

n
d
u
ta
n
ti
ll
ka

n
d
et

va
ra

bä
tt
re

at
t
lä
ra

si
g
h
är
le
d
a
d
em

ie
n
h
et
sc
ir
ke

ln
.

S
p
eg

li
n
g
i
x
-a
xe

ln

x

y

v −v

N
är

en
vi
n
ke

lv
sp

eg
la
s
ix

-a
xe
ln

bl
ir
d
en
−v

.

Sp
eg

li
n
ge

n
p
åv

er
ka

r
in
te

x
-k
oo

rd
in
at
en

m
ed

an
y
-k
oo

rd
in
at
en

by
te
r
te
ck
en

co
s(
−v

)
=

co
s
v
,

si
n
(−

v
)

=
−
si
n
v
.

S
p
eg

li
n
g
i
y
-a
xe

ln

x

y

v
−v

V
id

sp
eg

li
n
g
iy

-a
xe
ln

än
d
ra
s
vi
n
ke

ln
v
ti
ll

π
−

v
(s
p
eg

el
bi
ld
en

bi
ld
ar

vi
n
ke

ln
v
m
ot

d
en

n
eg

a-
ti
va

x
-a
xe
ln
).

Sp
eg

li
n
ge

n
p
åv

er
ka

r
in
te

y
-k
oo

rd
in
at
en

m
ed

an
x
-k
oo

rd
in
at
en

by
te
r
te
ck
en

co
s(

π
−

v
)

=
−
co
s
v
,

si
n
(π
−

v
)

=
si
n
v
.

13
2

S
p
eg

li
n
g
i
li
n
je
n
y

=
x

x

y

v

−v
V
in
ke

ln
v
än

d
ra
s
ti
ll
vi
n
ke

ln
π
/
2
−
v
(s
p
eg

el
bi
l-

d
en

bi
ld
ar

vi
n
ke

ln
v
m
ot

d
en

p
os
it
iv
a
y
-a
xe
ln
).

Sp
eg

li
n
ge

n
gö

r
at
t
x
-o

ch
y
-k
oo

rd
in
at
er
n
a
by

te
r

p
la
ts

co
s( π 2

−
v
) =

si
n
v
.

si
n
( π 2

−
v
) =

co
s
v
.

V
ri
d
n
in
g
m
ed

vi
n
k
el
n

π
/2

x

y

v

v

E
n
vr
id
n
in
g

π
/
2
av

vi
n
ke

ln
v
be

ty
d
er

at
t
vi
n
-

ke
ln

bl
ir
v

+
π
/
2.

V
ri
d
n
in
ge

n
gö

r
at
t

x
-k
oo

rd
in
at
en

bl
ir

n
y

y
-k
oo

rd
in
at

oc
h

y
-k
oo

rd
in
at
en

bl
ir

n
y

x
-

ko
or
d
in
at

fa
st

m
ed

om
vä

n
t
te
ck
en

co
s( v

+
π 2

) =
−
si
n
v
,

si
n
( v

+
π 2

) =
co
s
v
.

A
lt
er
n
at
iv
t
ka

n
m
an

få
fr
am

d
es
sa

sa
m
ba

n
d
ge

n
om

at
ts
p
eg

la
oc
h
/
el
le
r
fö
rs
kj
u
ta

gr
a-

fe
rn
a.
O
m

m
an

ex
em

p
el
vi
s
vi
ll
h
a
et
ts
am

ba
n
d
d
är

co
s
v
u
tt
ry
ck
s
m
ed

h
jä
lp

av
si
n
u
s
så

ka
n
m
an

fö
rs
kj
u
ta

gr
af
en

fö
r
co
si
n
u
s
så

at
td

en
p
as
sa
r
m
ed

si
n
u
sk
u
rv
an

.D
et
ta

ka
n
gö

-
ra
s
p
å
fl
er
a
ol
ik
a
sä
tt
,m

en
m
es
tn

at
u
rl
ig
tf
al
le
r
d
et

si
g
at
ts
kr
iv
a
co
s
v

=
si
n
(v

+
π
/
2)
.

Fö
r
at
t
u
n
d
vi
ka

m
is
st
ag

ka
n
m
an

ko
n
tr
ol
le
ra

at
t
d
et

st
äm

m
er

fö
r
n
åg

ra
ol
ik
a
vä

rd
en

p
å
v
.

x

y

y
=

co
sx

y
=

si
n

x

1

1

π
/
2

K
on

tr
ol
l:

co
s
0

=
si
n
(0

+
π
/
2)

=
1.
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A
d
d
it
io
n
s-

oc
h
su

b
tr
ak

ti
on

sf
or
m
le
rn

a
oc

h
fo
rm

le
r
fö
r

d
u
b
b
la

vi
n
k
el
n

O
ft
a
be

h
öv

er
m
an

be
h
an

d
la

u
tt
ry
ck

d
är

tv
å
el
le
r
fl
er
a
vi
n
kl
ar

är
in
bl
an

d
ad

e,
t.e

x.
si
n
(u

+
v
).
M
an

be
h
öv

er
d
å
d
e
s.
k.

ad
d
it
io
n
sf
or
m
le
rn
a.
Fö

r
si
n
u
s
oc
h
co
si
n
u
s
h
ar

fo
rm

-
le
rn
a
u
ts
ee
n
d
et

si
n
(u

+
v
)

=
si
n
u
co
s
v

+
co
s
u
si
n
v
,

si
n
(u
−

v
)

=
si
n
u
co
s
v
−

co
s
u
si
n
v
,

co
s(
u

+
v
)

=
co
s
u
co
s
v
−

si
n
u
si
n
v
,

co
s(
u
−

v
)

=
co
s
u
co
s
v

+
si
n
u
si
n
v
.

O
m

m
an

vi
ll
ve

ta
si
n
u
s
el
le
r
co
si
n
u
s
fö
r
d
u
bb

la
vi
n
ke

ln
,d

vs
.s
in

2v
el
le
r
co
s
2v

,s
å
ka

n
m
an

sk
ri
va

u
tt
ry
ck
en

so
m

si
n
(v

+
v
)
el
le
r
co
s(
v

+
v
)
oc
h
an

vä
n
d
a
ad

d
it
io
n
sf
or
m
le
rn
a

ov
an

oc
h
få

si
n
2v

=
2
si
n
v
co
s
v
,

co
s
2v

=
co
s2
v
−

si
n
2 v
.

U
r
d
es
sa

sa
m
ba

n
d
ka

n
vi

se
d
an

få
fr
am

fo
rm

le
r
fö
r
h
al
va

vi
n
ke

ln
.G

en
om

at
t
by

ta
u
t

2v
m
ot

v
,o

ch
fö
ljd

ak
tl
ig
en

v
m
ot

v
/
2,

if
or
m
el
n
fö
r
co
s
2v

få
r
vi

at
t

co
s
v

=
co
s2
v 2
−

si
n
2
v 2
.

V
il
lv

ih
a
en

fo
rm

el
fö
r
si
n
(v
/
2)

så
an

vä
n
d
er

vi
d
är
ef
te
r
d
en

tr
ig
on

om
et
ri
sk
a
et
ta
n
fö
r

at
t
bl
ia

v
m
ed

co
s2

(v
/
2) co

s
v

=
1
−

si
n
2
v 2
−

si
n
2
v 2

=
1
−

2
si
n2

v 2

d
vs
.

si
n
2
v 2

=
1
−

co
s
v

2
.

P
å
m
ot
sv
ar
an

d
e
sä
tt
ka

n
vi

m
ed

d
en

tr
ig
on

om
et
ri
sk
a
et
ta
n
gö

ra
os
s
av

m
ed

si
n
2 (
v
/
2)
.

D
å
få
r
vi

is
tä
ll
et

13
4

co
s2
v 2

=
1

+
co
s
v

2
.

R
åd

fö
r
in
lä
sn

in
g

G
ru

n
d
-o

ch
sl
u
tp
ro
v

E
ft
er

at
td

u
h
ar

lä
st
te
xt
en

oc
h
ar
be

ta
tm

ed
öv

n
in
ga

rn
a
sk
a
d
u
gö

ra
gr
u
n
d
-
oc
h

sl
u
tp
ro
ve

tf
ör

at
tb

li
go

d
kä

n
d
p
å
d
et
ta

av
sn

it
t.
D
u
h
it
ta
r
lä
n
ke

n
ti
ll
p
ro
ve

n
id

in
st
u
d
en

t
lo
u
n
ge

.

T
än

k
p
å
at
t:

E
n
h
et
sc
ir
ke

ln
är

et
t
ov

är
d
er
li
gt

h
jä
lp
m
ed

el
fö
r
at
t
h
it
ta

tr
ig
on

om
et
ri
sk
a
sa
m
-

ba
n
d
.
Så

d
an

a
fi
n
n
s
d
et

go
tt

om
oc
h
d
et

är
in
ge

n
id
é
at
t
fö
rs
ök

a
lä
ra

si
g
al
la

u
ta
n
ti
ll
.
D
et

är
oc
ks
å
ti
d
sö
d
an

d
e
at
t
be

h
öv

a
sl
å
u
p
p
oc
h
le
ta

fr
am

d
em

h
el
a

ti
d
en

.D
är
fö
r
är

d
et

m
yc
ke

t
bä

tt
re

at
t
d
u
lä
r
d
ig

an
vä

n
d
a
en

h
et
sc
ir
ke

ln
.

D
en

al
lr
a
m
es
t
kä

n
d
a
tr
ig
on

om
et
ri
sk
a
fo
rm

el
n
är

d
en

s.
k.

tr
ig
on

om
et
ri
sk
a

et
ta
n
.D

en
gä

ll
er

fö
r
al
la

vi
n
kl
ar
,i
n
te

ba
ra

fö
r
sp

et
si
ga

.D
en

h
än

ge
r
ih
op

m
ed

P
yt
h
ag

or
as

sa
ts
.

L
äs
ti
p
s

Fö
r
d
ig

so
m

vi
ll
fö
rd
ju
p
a
d
ig

yt
te
rl
ig
ar
e
el
le
r
be

h
öv

er
en

lä
n
gr
e
fö
rk
la
ri
n
g
vi
ll

vi
ti
p
sa

om
:

■
L
äs

m
er

om
tr
ig
on

om
et
ri
sk
a
fo
rm

le
r
iT

h
ed

u
ca
ti
on

s
gy

m
n
as
ie
le
xi
ko

n
( http://www

.theduati
on.se/kurs
er/umaprep
/4_trigono
metri/43_

trig_forml
er/432_add
isionsform
lerna/inde
x.asp)

■
L
äs

m
er

om
ar
ea
-,
si
n
u
s
oc
h
co
si
n
u
ss
at
se
rn
a
iT

h
ed

u
ca
ti
on

s
gy

m
n
as
ie
le
x-

ik
on

( http://www
.theduati
on.se/kurs
er/umaprep
/4_trigono
metri/43_

trig_forml
er/432_add
isionsform
lerna/inde
x.asp)

■
L
äs

m
er

om
tr
ig
on

om
et
ri
iB

ru
n
o
K
ev

iu
s
m
at
em

at
is
ka

or
d
li
st
a

( http://mat
min.kevius
.om/trigo
nometri.ht
ml)

L
än

k
ti
p
s

■
E
xp

er
im

en
te
ra

m
ed

co
si
n
u
s
”l
åd

an
”

( http://www
.ies.o.jp
/math/java
/trig/osb
ox/osbox.
html)
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4.
3
Ö
vn

in
ga

r

Ö
vn

in
g
4.
3:
1

B
es
tä
m

d
e
vi
n
kl
ar

v
m
el
la
n

π 2
oc
h
2π

so
m

u
p
p
fy
ll
er

a)
co
s
v

=
co
s

π 5
b)

si
n
v

=
si
n

π 7
c)

ta
n
v

=
ta
n
2π 7

Ö
vn

in
g
4.
3:
2

B
es
tä
m

d
e
vi
n
kl
ar

v
m
el
la
n
0
oc
h

π
so
m

u
p
p
fy
ll
er

a)
co
s
v

=
co
s
3π 2

b)
co
s
v

=
co
s
7π 5

Ö
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−
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=
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−
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−
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+
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=
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−
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+
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n
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=
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=
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d
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n
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h
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h
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p
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at
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p
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re
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p
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m
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e
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p
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index.asp )

L
än

k
ti
p
s

■
E
xp

er
im

en
te
ra

m
ed

gr
af
en

y
=

a
si
n
b(
x
−

c)
(http://www

.ies.o.jp
/math/java
/trig/ABCs
inX/ABCsin
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≤
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at
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=
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=
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−
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−
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=
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=
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=
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−
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=
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at
em

at
is
ka

fo
rm

le
r
iL

A T
EX

L
är
an

d
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at
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at
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at
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p
el

sk
ri
vs

fo
rm

el
n
a
+

b
so
m

<math>a+b<
/math>.

E
n
kl
a
m
at
em

at
is
ka

u
tt
ry
ck

sk
ri
vs

p
å
et
t
rä
tt
fr
am

t
sä
tt
.

E
xe

m
p
el

1

a)
1
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2
−

3
sk
ri
vs

<math>1+2-
3</math>

b)
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2
sk
ri
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<math>5/2<
/math>

c)
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(2
+

x
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sk
ri
vs

<math>4/(2
+x)</math>
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N
är

d
u
be

h
öv

er
an

vä
n
d
a
sy
m
bo

le
r
so
m

in
te

är
ti
ll
gä

n
gl
ig
a
p
å
et
t
ta
n
ge

n
tb
or
d
el
le
r

14
6

ko
n
st
ru
er
a
av

an
ce
ra
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d
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a
+

b

a+b
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−
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a-b
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a
·b
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b

a/b
1 2
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a b
\dfra{a}{
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right)
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=
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b
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<
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≤
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\sinx
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⇐
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⇔
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sk
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math>
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sk
ri
vs
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math>

c)
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3√
3

+
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sk
ri
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<math>2^{1
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at
t
ko

m
bi
n
er
a
en

kl
a
u
tt
ry
ck

ka
n
vi

sk
ri
va

m
er

ko
m
p
le
xa

u
tt
ry
ck
.

E
xe

m
p
el

3

a)
√
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=
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c)
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sk
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d
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si
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√
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a)
√ x
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√
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sk
ri
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<math>\sqr
t{x+\sqrt{
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b)
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−
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√ 3
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<math>\dfr
a{x-x^2}{
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+

1 x
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ri
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h
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el
la
n
sl
ag

ef
te
r
ko

m
m
an

d
on

(o
m

d
e
in
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m
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m
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P
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p
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p
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p
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p
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p
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p
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et
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va
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ed
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ed
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5/
2
is
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ll
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r
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ar
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.
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LA
T E
X

R
es
u
lt
at

a)
Si
ff
er
br
åk

sk
ri
vs

in
te

st
or
a

\dfra{1}{
2}

1 2

S
k
ri
v

\fra{1}{2
}

1 2

(U
n
d
an

ta
g:

O
m

br
åk

et
st
år

br
ed

vi
d
et
t
st
or
t
u
tt
ry
ck

så
bö

r
d
u
sk
ri
va

br
åk

et
so
m

et
t
st
or
t
br
åk

.)

b)
B
ok

st
av

sb
rå
k
sk
ri
vs

in
te

sm
å

\fra{a}{b
}

a b

S
k
ri
v

\dfra{a}{
b}

a b

c)
K
om

p
li
ce
ra
d
e
br
åk

sk
ri
vs

in
te

sm
å

\fra{\sqr
t{3}}{2}

√ 3 2

S
k
ri
v

\dfra{\sq
rt{3}}{2}

√ 3 2

d
)

In
ga

by
gg

d
a
br
åk

i
ex
p
on

en
te
r

a^{\fra{1
}{2}}

a
1 2

S
k
ri
v

a^{1/2}

a1
/
2

R
åd

fö
r
in
lä
sn

in
ge

n

E
tt
rå
d
är

at
t
te
st
a
at
t
sk
ri
va

m
at
em

at
is
ka

fo
rm

le
r
i
fo
ru
m
et

oc
h
i
w
ik
in

so
m

ti
ll
h
ör

d
in

in
d
iv
id
u
el
la

u
p
p
gi
ft
.

L
än

k
ti
p
s

■
E
n

m
er

u
tf
ör
li
g

li
st
a

av
m
at
em

at
ik
ko

m
m
an

d
on

i
LA
T E
X

fi
n
n
s
p
å

W
i-

ki
p
ed

ia
s
h
jä
lp
si
d
or

( http://en.
wikipedia.
org/wiki/H
elp:Displa
ying_

a_formula)
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■
M
er

in
gå

en
d
e
in
fo
rm

at
io
n
om

LA
T E
X
m
at
em

at
ik

ka
n
h
it
ta
s
ie

tt
ka

p
it
el

av
bo

ke
n

T
he

LA
T E
X

C
om

pa
n
io
n
(http://www

.ism.it/
ism/volon
ts/h8.

pdf)ochen
te
xt

av
H
er
be

rt
V
os
s
(http://www

.tex.a.uk
/tex-arhi
ve/

info/math/
voss/mathm
ode/Mathmo
de.pdf ).

■
V
il
l
d
u

ve
ta

m
er

om
LA
T E
X

ka
n

d
u

be
sö
ka

d
es
sa

w
eb

bs
id
or
:
W
ik
i-

p
ed

ia
( http://en.

wikipedia.
org/wiki/L
aTeX),The

n
ot

so
Sh

or
t
In
-

tr
od

u
ct
io
n

to
LA
T E
X

(http://www
.tan.org/
tex-arhiv
e/info/lsh
ort/

english/ls
hort.pdf )o

ch
LA
T E
X

W
ik
ib
oo

k
(http://en.

wikibooks.
org/

wiki/LaTeX

).

■
D
en

im
p
le
m
en

ta
ti
on

av
LA
T E
X
m
at
em

at
ik

so
m

an
vä

n
d
s
iw

ik
in

p
å
n
ät
et

är
js
M
at
h
(http://www

.math.unio
n.edu/~dpv
/jsMath).
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in
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5.
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1
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ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A T
EX

a)
2
−

3
+

4
b)

−1
+

0,
3

c)
−5
−

(−
3)

=
−5

+
3

d
)

5/
2

+
1

>
5/

(2
+

1)

Ö
vn

in
g
5.
1:
2

Sk
ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A
T E
X

a)
3
·4
±

4
b)

4x
2
−
√ x

c)
4
·3

n
≥

n
3

d
)

3
−

(5
−

2)
=
−(
−3

+
5
−

2)

Ö
vn

in
g
5.
1:
3

Sk
ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A T
EX

a)
x

+
1

x
2
−

1
=

1
x
−

1
b)

( 5 x
−

1) (1
−

x
)

c)
1 2

1 3
+

1 4

d
)

1

1
+

1
1

+
x

Ö
vn

in
g
5.
1:
4

Sk
ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A
T E
X

a)
si
n
2
x

+
co
s
x

b)
co
s
v

=
co
s
3π 2

c)
co
t2

x
=

1
ta
n
2x

d
)

ta
n
u 2

=
si
n
u

1
+

co
s
u

Ö
vn

in
g
5.
1:
5

Sk
ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A
T E
X

a)
√ 4

+
x
2

b)
n√
x

+
y
6=

n√
x

+
n√ y

c)
√ √

3
=

4√ 3
d
)

( 4√ 3) 3 3√
2

+
√ 2

Ö
vn

in
g
5.
1:
6

Sk
ri
v
fö
lja

n
d
e
fo
rm

le
r
iL

A T
EX

a)
ln

(4
·3

)
=

ln
4

+
ln

3
b)

ln
(4
−

3)
6=

ln
4
−

ln
3

c)
lo
g 2

4
=

ln
4

ln
2

d
)

2l
og

2
4

=
4
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or
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m
at
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at
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sk
ri
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A T
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4^{\fra{3
}{4}}(1-(3
-4)

b)
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)

c)

otx=\df
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at
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an
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d
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at
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at
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od
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rk
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d
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rk
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ra

d
in

lö
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in
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d
u
h
ar

tä
n
kt
.A

n
vä

n
d
or
d
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in
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in
ge
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p
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so
m

h
ar
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te

sv
år
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ga
m
ed
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ll
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st
eg

.D
u
sk
a
al
lt
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rk
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ra
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a
li
ll
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eo
p
er
at
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n
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en
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r
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p
a
öv

er
vi
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eg
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d
er

d
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an

så
h
ar

d
u
gj
or
t
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%
av

va
d
so
m

kr
äv
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r
at
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sk
ri
va

en
fu
ll
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d
lö
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S
k
ri
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at
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p
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p
p
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p
re
se
n
ta
ti
on

sf
as
en

ti
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p
p
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p
p
d
ig

vi
d
et
t

be
st
äm

t
sä
tt
at
tl
ös
a
u
p
p
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m
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h
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m
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m
d
u
m
p
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d
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d
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d
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is
se
rl
ig
en

ka
n
d
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e
at
ts
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a
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p
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d
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d
at
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i
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tp
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en
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n
k
p
å
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t
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ge

n
in
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s
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a
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u
p
p
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h
d
å
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d
et
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t
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in
ge
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r
at
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ed

ig
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E
tt
ty
d
li
gt

sv
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ri
v
et
tt
yd

li
gt

sv
ar

p
å
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u
te
t.
D
et
ta
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ie
ll
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gt
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lö
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in
ge

n
är

lå
n
g
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h
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et
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n
n
s
u
ts
p
ri
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i
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D
et

fi
n
n
s
d
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k
u
p
p
gi
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er

d
är
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äl
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lö
sn

in
ge

n
är

sv
ar
et
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.e
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is
a
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..
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h
d
å
be

h
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n
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√ 8
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ll

2√
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n
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x

+
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n
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re
n
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ll

1
+

2
si
n
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=
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/
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h
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=
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h
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d
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.
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a.



15
7 E
xe

m
p
el

2

O
m

d
u
lö
se
r
ek

va
ti
on

en
2x

2
−

5x
=
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=
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=
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=
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=
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d
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d
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ra
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=
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d
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a{5}{x}-1
\right)(1-
x)

c)

\dfra{\fr
a{1}{2}}{
\fra{1}{3
}

+\fra{1}{
4}}

d
)

\dfra{1}{
1+\dfra{1
}{1+x}}

5.
1:
4

a)

\sin^2x+\
osx

b)

\osv=\o
s\dfra{3\
pi}{2}

c)

\ot2x=\d
fra{1}{\t
an2x}

d
)

\tan\dfra
{u}{2}=\df
ra{\sinu
}

{1+\osu}

5.
1:
5

a)

\sqrt{4+x^
2}

b)

\sqrt[n℄{x
+y}\ne\sqr
t[n℄{x}

+\sqrt[n℄{
y}

c)

\sqrt{\sqr
t{3}}=\s
qrt[4℄{3}

d
)

\left(\sqr
t[4℄{3}\ri
ght)^3

\sqrt[3℄{2
+\sqrt{2}}

5.
1:
6

a)

\ln(4\dot
3)=\ln4+\
ln3

b)

\ln(4-3)\n
e\ln4-\l
n3

c)

\log_{2}4=
\dfra{\ln
4}{\ln2}

d
)

2^{\log_{2
}4}=4

5.
1:
7

a)

4^{3/4}(1-
(3-4))

b)

2\sqrt{a+b
}

c)

\otx=\fr
a{1}{2}\s
in20^{\i
r}

5.
2:
1

a)
⇐

b)
⇒

c)
⇔


